We study the string instanton wrapping a non-trivial two-cycle in CP 3 of the type IIA string theory compactified on AdS 4 × CP 3 superspace and find that it has twelve fermionic zero modes associated with 1/2 of the supersymmetry of the background thus manifesting that this classical instanton configuration is 1/2 BPS.
Introduction
M-theory compactified on AdS 4 ×S 7 /Z k and a corresponding Type IIA superstring theory compactified on AdS 4 × CP 3 are on the bulk side of the AdS 4 /CF T 3 holography whose boundary superconformal Chern-Simons-matter theory is assumed to provide an effective worldvolume description of a stack of multiple M2-branes [1, 2, 3, 4, 5, 6, 7] . This new AdS 4 /CF T 3 correspondence shares some features with the well studied AdS 5 /CF T 4 correspondence whose bulk theory is Type IIB superstring theory compactified on AdS 5 × S 5 and the boundary theory is the superconformal N = 4, D = 4 super Yang-Mills theory.
However, the two examples of the AdS/CF T correspondence are quite different. First of all, the Type IIB superstring in AdS 5 × S 5 is maximally supersymmetric. Its 32 supersymmetries are part of the superisometry group P SU(2, 2|4). On the other hand the AdS 4 ×S 7 /Z k solution of D = 11 supergravity has 32 supersymmetries only for k = 1, 2, while for k > 2 the theory is invariant under 24 supersymmetries and so is its ten-dimensional counterpart, the Type IIA superstring theory in the AdS 4 × CP 3 supergravity background whose superisometries form the supergroup OSp(6|4) [8, 9, 10] . As a result, while the Green-Schwarz action for the AdS 5 × S 5 superstring amounts to a worldsheet sigma-model on the supercoset space P SU(2, 2|4)/SO(1, 4) × SO(5) [11, 12] , the target superspace of the Green-Schwarz action of the AdS 4 ×CP 3 superstring is not a supercoset space, though it possesses the OSp(6|4) isometry [13, 14] . Only when the superstring is extended in CP 3 , its dynamics can be described by the OSp(6|4)/U(3)×SO(1, 3) supercoset sigma-model [15, 16, 17, 18, 19] . It can be obtained from the complete Green-Schwarz action [13] by partially gauge fixing kappa-symmetry in a way which puts to zero the eight worldsheet fermionic modes corresponding to the eight broken supersymmetries of the AdS 4 × CP 3 superbackground. Such a gauge fixing is admissible only when the string moves in CP 3 . This gauge is, however not admissible when the string moves entirely in the AdS 4 part of the superbackground. One of the consequences of this peculiar situation is that though the subsector of the AdS 4 × CP 3 superstring theory described by the supercoset sigma-model is classically integrable [15, 16] , the explicit proof of the classical integrability of the complete AdS 4 × CP 3 superstring still remains an open problem. This is because the complete AdS 4 × CP 3 superspace is not a supercoset space, and the methods used to prove the integrability of the AdS 5 × S 5 superstring [20] and of the supercoset sector of the AdS 4 × CP 3 superstring [15, 16] do not apply. Another interesting peculiarity of the AdS 4 × CP 3 superstring, which the AdS 5 × S 5 superstring does not have, is the existence on CP 3 of string instantons 1 . They are formed in the Wick rotated theory by the string worldsheet wrapping a topologically non-trivial two-cycle of CP 3 . This two-cycle is a CP 1 ≃ S 2 corresponding to the closed Kähler two-form J 2 on CP 3 . As we shall show, also in the case of the string instantons on CP 3 the consistent gauge fixing of kappa-symmetry does not allow reducing the string action to the supercoset sigma model, i.e. to eliminate, by using kappa-symmetry, the eight fermionic modes corresponding to the broken supersymmetries.
The main goal of this paper is to study the superstring instanton on CP 3 and analyze its fermionic zero modes. In the case of branes moving in a supersymmetric background, their fermionic equations have solutions which are associated with the Killing spinors of the back-ground that guarantee its supersymmetries. The number of physical modes of the worldvolume Dirac operator associated with the Killing spinors is equal to the number of components of the Killing spinors which are not annihilated by the kappa-symmetry projector of the brane. If the background is maximally supersymmetric, one concludes that the number of dynamical zero modes on the brane are half the number of supersymmetries, since the rank of the kappa-symmetry projector is equal to half the number of the maximal supersymmetries of the background. When the background is not maximally supersymmetric, as the AdS 4 × CP 3 one, the number of the brane fermion zero modes associated with unbroken supersymmetries depends on how many of them are not eliminated by the kappa-symmetry projector. The action of the kappa-symmetry projector and the corresponding number of fermionic zero modes depends on how the given brane configuration is embedded into target space. In the cases with less supersymmetries the worldvolume Dirac equation may, in general, also have solutions which are not associated with unbroken supersymmetries, but with the broken ones. Thus the analysis of the brane fermionic modes in less supersymmetric backgrounds should be made case by case (see e.g. [23] for a more detailed discussion of this point).
As we shall see, in the AdS 4 × CP 3 case the string instanton on CP 3 has twelve zero modes all of which are associated with the supersymmetries of the background and there are no zero modes of the fermions corresponding to the supersymmetries broken by AdS 4 × CP 3 . So the instanton under consideration is 1/2 BPS. It is interesting that these twelve zero modes are divided into eight and four ones which have different geometrical and physical meaning. The eight massive fermionic zero modes are four copies of the two-component Killing spinor on S 2 and the four other fermionic modes are two copies of massless chiral and anti-chiral fermion on S 2 electrically coupled to the electromagnetic potential created on S 2 by a monopole placed in the center of S 2 . The monopole potential arises as part of the CP 3 spin connection pulledback on the instanton S 2 . This, at least formally and remotely, reminds us the peculiarity of the presence of different, light and heavy, physical worldsheet degrees of freedom in a Penrose limit of the AdS 4 × CP 3 superstring [24, 25, 26, 27] . In M-theory compactified on AdS 4 × S 7 /Z k , the counterpart of the string instanton considered in this paper is an Euclidean M2-brane that wraps the non-trivial 3-cycle S 3 /Z k (for k > 1) inside S 7 /Z k . The presence of the string instanton and its fermionic zero modes may generate nonperturbative corrections to the string effective action, which may affect its properties and if so should be taken into account in studying, e.g. the AdS 4 /CF T 3 correspondence. The instantons may, perhaps, contribute to the worldsheet S-matrix and/or to energies of a semiclassical string. To study these effects one needs to find a way of merging the instanton and Minkowski solutions, such as spinning strings or BMN geodesics. In addition, in the presence of the instanton fermionic zero modes, the worldsheet correlator, to be non-zero, should contain a number of fermion insertions 2 . The paper is organized as follows. In Section 2 we review the form of the string action in the AdS 4 × CP 3 superbackground and truncate it to the second order in fermions. In Section 3 we describe the bosonic part of the string instanton solution and in Section 4 we study its fermionic zero modes. Section 5 contains a summary and brief discussion of a possible relation of the string instanton to some features of the AdS 4 /CF T 3 corespondence. Appendix 2 We are thankful to Konstantin Zarembo for these comments.
A contains a description of our conventions and notation and of the geometry of the AdS 4 ×CP 3 superspace. In Appendix B we give the explicit form of the CP 3 Fubini-Study metric, vielbeins and connection which were used for the analysis of the string fermion equations.
2 AdS 4 × CP 3 superstring action up to the quadratic order in fermions
To simplify the study of the fermionic zero modes of the string instanton we reduce the complete superstring action of [13] to the quadratic order in fermions (though, the solutions we find satisfy the complete non-linear equations of motion to all orders in fermions). Alternatively, one can use the quadratic type IIA superstring action derived in [28, 29] for a generic superbackground and substitute into it the values of the supergravity fields corresponding to the AdS 4 × CP 3 background. As a consistency check we have performed the reduction of both of the actions. We shall see that they give the same result upon a redefinition of bosonic CP Up to second order in fermions the supervielbeins and the B-field have the following form
5) is the vacuum expectation value of the dilaton, R is the radius of the S 7 sphere whose base is CP 3 , l p is the eleven-dimensional Planck length related to the string tension as follows l p = e 
where e a (x), ω ab (x) and γ a , γ 5 are, respectively the vielbein, connection and Dirac-matrices of AdS 4 of radius R/2. e a ′ (y) and ω a ′ b ′ (y) are, respectively, the vielbein and connection on CP 3 of radius R and γ a ′ , γ 7 are 8 × 8 gamma-matrices of Spin (6) .
is the RR one-form potential whose field strength is the Kähler form on
See Appendix A for more details regarding the notation and conventions.
Substituting the expressions for the vielbeins (2.5) and the NS-NS two-form (2.6) into the action (2.1) and keeping only terms up to quadratic order in fermions we get the following action Thus, after the redefinition (2.9) and the Wick rotation the action takes the following form
and the kappa-symmetry matrix Γ gets replaced by
3 String instanton wrapping a two-sphere inside CP
3
We are interested in a string whose worldsheet wraps a topologically non-trivial two-cycle inside CP 3 and thus is a stringy counterpart of the instantons of two-dimensional CP N sigmamodels 4 . To be topologically non-trivial this two-cycle should have a non-zero pull-back on its worldsheet of the Kähler two-form
To identify it, it is convenient to consider the form of the Fubini-Study metric on CP 3 given in [38] , and σ 1 , σ 2 , σ 3 are three left-invariant one-forms on SU(2) obeying dσ 1 = −σ 2 σ 3 etc. (see Appendix B for more details). Notice that with 4 The instanton solution in the O(3) (or CP 1 ) sigma-model was first found in [30] and then generalized to the case of the CP n sigma-models in [31, 32, 33] . The instanton solution in the supersymmetric CP 1 sigma-model was first discussed in [34] . See [35, 36, 37] for a review and references on this subject.
this choice of the CP 3 coordinates, θ and ϕ parameterize a two-sphere of radius
. This two-sphere is topologically non-trivial and associated to the Kähler form on CP 3 . The string instanton wraps this sphere. For instance, if it wraps the sphere once θ and ϕ can be identified with the string worldsheet coordinates, while all other CP 3 as well as AdS 4 coordinates are worldsheet constants in this case. Thus the pullback on the string instanton of the metric (3.12) of CP 3 (of radius R) is the metric of the sphere of radius R/2
In this coordinate system the S 2 vielbein e i and the spin connection ω ij S 2 (i, j = 1, 2) can be chosen in the form 14) and the S 2 curvature is
(3.15)
Bosonic part of the instanton solution
The bosonic part of the Wick rotated string action (2.10) is sigma model it is convenient to introduce complex coordinates both on the worldsheet and in target space (see [35] for a review of instantons in two-dimensional sigma models). In the conformal gauge √ h h IJ = δ IJ and in the (z,z) coordinate system on the worldsheet the action takes the form
To introduce complex coordinates on the target sphere it is convenient to describe it as CP 1 . The Fubini-Study metric on CP 1 is
If we choose ζ to be 
In the ζ,ζ coordinate system the string action takes the following form (which is similar to that of the O(3)-sigma model)
It is now obvious that a local minimum is attained if∂ζ = 0 or ∂ζ = 0, i.e. the embedding is given by a holomorphic function ζ = ζ(z) for the instanton or by an anti-holomorphic function ζ = ζ(z) for the anti-instanton. The remaining part of the action can be shown to be a topological invariant, namely,
where n is the topolgical charge of the instanton and
φ 0 R is the CP 3 radius in the string frame.
What we have just reproduced is the classical instanton solution of the two-dimensional O(3) sigma-model [30] or rather its extension to CP 3 [32, 31, 33] which in terms of the FubiniStudi coordinates ζ a (a = 1, 2, 3) of CP 3 (see eq. (B.1) of Appendix B) has the form
The difference with the CP N models is that in our case the string action is also invariant under worldsheet reparametrization. This means that every classical string solution must satisfy the Virasoro constraints implying that the worldsheet bosonic physical fields are associated with the string oscillations transverse to the worldsheet. For the instanton solution the string excitations along AdS 4 are zero and the Virasoro constraints have the following form in the conformal gauge
We see that the Virasoro constraints are identically satisfied by the (anti)instanton solution. Let us note 5 that though in the AdS 4 × CP 3 background the purely bosonic components of the NS-NS 3-form field strength H 3 are zero, the NS-NS 2-form may have non-zero expectation values proportional to the Kähler two-form on
where a plays the role of a constant axion. For such a two-form, H 3 = dB 2 is zero since J 2 is the closed (but not exact) form, dJ 2 = 0. In this case also the Wess-Zumino part of the (Wick rotated) string action (2.1) will contribute to the instanton action, which becomes
A similar situation one has in the case of string instantons on Calabi-Yau spaces [39, 40] . In the context of the AdS 4 /CF T 3 correspondence, the co-homologically non-trivial B 2 field appears from the string side in the generalization of the ABJM model to include gauge groups of a different rank proposed in [41] (see the Summary below for more discussion of this point).
Finally, we note that the bosonic string instanton has twelve zero modes. Four of them correspond to the directions along AdS 4 and eight are the instanton zero modes on CP 3 [36] . We are now in a position to proceed with the study of the fermionic zero modes carried by the string instanton. We shall see that their number is also twelve. 
Taking into account that on the mass shell the auxiliary metric h IJ and the induced metric G IJ = E I A E J B η AB are proportional to each other
the fermionic equations of motion take the following form which reflects the kappa-symmetry of the theory
where Γ is the matrix which appears in the kappa-symmetry projector (2.2) and λ α is the dilatino superfield.
For completeness, let us also present the equations of motion of the string bosonic modes 
and 30) where remember that 
Restriction to the instanton solution
As we have discussed in Section 3, the instanton solution is supported on the CP 3 twodimensional subspace whose tangent space is characterized e.g. by the first two values of the CP 3 tangent space index a ′ = 1, 2, . . . , 6. Restricting to this solution we have
It will be convenient to choose the CP 3 gamma matrices as follows
are the (re-labeled) Pauli matrices so that ρ 1 ρ 2 = iρ 3 , and γã are 4 × 4 Dirac gamma matrices corresponding to the four-dimensional subspace of CP 3 orthogonal to the instanton CP 1 and γ 2 5 = 1. The Wick rotated kappa-symmetry projection matrix (2.11) then reduces to
and the fermionic part of the Euclidean action (2.10) becomes 34) where the metric g IJ was defined in (4.29) . Note that in our case the fermionic terms of this two-dimensional theory differ from those of the conventional 2d supersymmetric O(3) ∼ CP 1 (or in general CP N ) sigma-model (see [35, 37] for a review and references). For comparison, the CP N sigma-model Lagrangian is and R abcd are the CP N Christoffel symbol and curvature, respectively. In view of the form of the quadratic action (4.34) and of the fermionic equation (4.28) it is natural to impose on the fermionic fields the conventional kappa-symmetry gauge-fixing condition 36) which means that the fermions split into two sectors according to their chiralities in AdS 4 and in the four-dimensional subspace of CP 3 orthogonal to the instanton CP
Using the form of the CP 3 gamma-matrices (4.32) we find that
So, the supersymmetry projection matrices P 2 and P 6 become
Their action on the two sets of the chiral fermions is
41)
Note that from eqs. (4.41) and (4.42) it follows that all the eight ϑ + are fermions which correspond to unbroken supersymmetries of the AdS 4 × CP 3 superbackground, while in the Θ − sector four fermions (ϑ − ) correspond to unbroken supersymmetries and other four (υ) to the broken ones. Note also that since for the instanton configuration the kappa-symmetry projector (4.33) commutes with the 'supersymmetry' projectors (4.40), it is not possible to choose the kappa-symmetry gauge-fixing condition which would put to zero all the eight 'broken-supersymmetry' fermions. In terms of the fields ϑ + , ϑ − and υ the fermionic action (4.34) takes the form 43) where e i I is the inverse vielbein on S 2 . For the instanton configuration the fermionic equation (4.28) reduces to the following ones
44)
45)
From the form of the action (4.43) and the equation of motion (4.45) it follows that the field υ can be regarded as an auxiliary one, which can be expressed in terms of a derivative of ϑ − . However, for the analysis of the solutions of eqs. (4.44)-(4.46) it is more convenient to consider it as an independent variable satisfying the Dirac equation (4.46). The covariant derivative ∇ I (defined in (4.30)) contains the pullback on the instanton two-sphere of the CP 3 spin connection whose explicit form is given in Appendix B
Computing the pullback of the CP 3 connection, substituting it into the Dirac equations and taking into account the projection properties of the spinors we get the fermionic equations in the following form
48)
49)
where
ω ij S 2 ρ ij is the intrinsic covariant derivative on the sphere of radius
i e j andÃ can be interpreted as the electromagnetic potential induced by a magnetic monopole of charge g = −1/2 placed at the center of the sphere. This is due to the fact that
Note that 1 4 ω ij S 2 ε ij andÃ are equivalent up to a total derivative term
In our parametrization of CP 3 (see Appendix B) and for a given embedding of S 2 in CP 3 , ω S 2 andÃ have the following form in terms of the angular coordinates on S The Killing spinor equation on S 2 for a two-component spinor has two non-trivial solutions [42] . Our ϑ + spinors carry four (independent) external indices in addition to the S 2 -spinor index. Therefore, eq. (4.53) has eight solutions which are obviously solutions of the Dirac equation (4.48) . These are actually the only regular eigenspinors of the Dirac operator on the sphere with the eigenvalue −2i/R [43] . Thus, in the Θ + sector the string instanton has eight fermionic zero modes which are the solutions of the Killing spinor equation (4.53) . In spherical coordinates they have the explicit form [44] 
where ǫ + is an arbitrary constant spinor satisfying the chirality conditions γ 5 ǫ + = γ5ǫ + = ǫ + .
Let us now proceed with the analysis of the third fermionic equation (4.50). As we have already mentioned, this equation describes the electric coupling of the fermionic field υ to the monopole potential on the sphere. The electric charge of υ is e = ±1 for υ = ±ρ 3 υ, i.e. when υ is a chiral/anti-chiral two-dimensional spinor, respectively. The analysis in [45] then tells us that there are non-trivial solutions of the charged Dirac equation (4.50) of positive chirality when ge ≥ 1/2 and of negative chirality when ge ≤ −1/2. Since we are in the opposite situation, there are no non-trivial solutions in our case and hence υ = 0.
If υ = 0, eq. (4.49) implies that ϑ − should satisfy the massless Dirac equation
We observe that the electric charge of ϑ − is opposite to that of υ, i.e. it is e = ∓1 depending on whether ϑ − is chiral or anti-chiral two-dimensional spinor, i.e. whether ϑ − = ±ρ 3 ϑ − . Now we are in the situation in which the requirement of [45] for the Dirac equation (4.55) to have non-trivial solutions is saturated, i.e. in our case for ϑ − of positive ρ 3 -chirality ge = 1/2 and for ϑ − of negative ρ 3 -chirality ge = −1/2. By the Atiyah-Singer index theorem there is one solution for each ρ 3 -chirality of ϑ − . The general solution of (4.55) has actually a very simple form
where λ − (ζ) and µ − (ζ) are holomorphic and anti-holomorphic spinors in the projective coordinates ζ andζ of S 2 ≃ CP 1 which are anti-chiral in the directions transverse to the instanton, i.e. λ − = −γ 5 λ − , λ − = −γ5λ − µ − = −γ 5 µ − and µ − = −γ5µ − . For the anti-instanton the solution takes the same form but with anti-holomorphic λ − (ζ) and holomorphic µ − (ζ).
In [45] it has been shown that the only normalizable solutions of the Dirac equation (4.55) are those with constant λ − and µ − in (4.56). This allows us to conclude that in the ϑ − sector the string instanton has four zero modes characterized by eq. (4.56) with constant λ − and µ − . 6 Note that for λ − = const and µ − = const the spinor (4.56) is the solution of the stronger equation 
which acts on the 24 fermions ϑ associated with the supersymmetry of AdS 4 × CP 3 (see Appendix A.7). Therefore, if ϑ are the 24 Killing spinors on AdS 4 × CP 3 they solve not only 6 Remember that the eight-component spinor ϑ − satisfies the additional projection condition (4.42) which reduces the number of its components to four. 7 To avoid confusion, let us note that the index a ′ on spinors is different from the same index on bosonic quantities. See the end of Appendix A.5 for a more detailed explanation. the linearized equations (4.28) but also the complete fermionic equations (4.26). In the case of the string instanton considered above, the kappa-symmetry projector reduces the number of solutions of the pulled-back Killing spinor equation by half, leaving us with the twelve physical fermionic zero modes. It should also be noted that these fermionic zero modes do not contribute to the bosonic equations (4.27) . This guarantees that the bosonic instanton solution does not have a back reaction from the fermionic modes.
We should note that the Dirac equations (4.48)-(4.50) may have (non-normalizable) solutions which are not the Killing spinors (as e.g. eq. (4.56) with non-constant λ and µ). However, these other fermionic modes would modify the string field equations at higher order in fermions. In particular, they would produce a non-trivial contribution to the bosonic field equations (4.27), i.e. back-react on the form of the purely bosonic instanton and, hence, should be discarded.
Let us stress once again that, as we have shown, for the instanton solution considered above the kappa-symmetry cannot eliminate all the eight fermions υ associated with the supersymmetries broken in the AdS 4 × CP 3 background. Therefore, even if among the instanton fermionic zero modes there is no υ-modes, the fluctuations around the instanton solution will have four physical fermionic degrees of freedom corresponding to the target-space supersymmetries broken by the AdS 4 × CP 3 background.
Fermionic zero modes and supersymmetry
Let us discuss in more detail how the fermionic zero modes are related to supersymmetry of the AdS 4 × CP 3 superbackground and, correspondingly, of the superstring action. At the linearized level in fermions the supersymmetry part of the OSp(6|4) transformations acts as follows
where ǫ ≡ P 6 ǫ(X) are 24 supersymmetry parameters of OSp(6|4) satisfying the AdS 4 × CP
3
Killing spinor equation
with the explicit form of D given in eq. (4.58). Note that, at the leading order in fermions, the eight fermions υ are not subject to the supersymmetry transformations. The action of the isometry group OSp(6|4) on these fermions is such that it takes the form of induced SO(1, 3) × U(1) rotations with parameters depending on X, ϑ and the OSp(6|4) parameters
Thus the first nontrivial term in the supersymmetry variation of υ is quadratic in fermionic fields which is beyond the linear approximation we are interested in. It is not hard to see that the quadratic string action (2.8) is invariant under the supersymmetry transformations (4.59) (up to quadratic order in fermions). At the same time, the action (2.10), which is obtained from (2.8) by the shift (2.9) of the CP 3 coordinates, is invariant under the supersymmetry with the transformations of the shifted bosonic coordinates being
Let us now briefly recall how the target-space supersymmetry gets converted into worldsheet supersymmetry upon elimination of the un-physical fermionic degrees of freedom by gauge fixing kappa-symmetry. A more detailed discussion of such a "transmutation" of supersymmetry and its partial breaking in the Green-Schwarz formulation of superstrings and superbranes the reader may find e.g. in [46, 47, 48, 49] . If we impose on the fermionic fields Θ = (ϑ, υ) a kappa-symmetry gauge condition as e.g. the one we have used for studying the instanton solution, eq. (4.36),
the kappa-symmetry gauge-fixing condition will not be invariant under all the twenty-four supersymmetries (4.59) but only under half of them satisfying the condition (1 − Γ 0 ) ϑ get shifted by these transformations and hence behave as Volkov-Akulov goldstinos [50, 51] .
The supersymmetries which remain unbroken and which become worldsheet supersymmetries are identified as follows. The gauge fixing condition (4.63) is not invariant under the supersymmetry transformations (4.59) with the parameter ǫ w = 1 2
(1 + Γ 0 ) ǫ. However, this can be cured by an appropriate compensating kappa-symmetry transformation that (at the leading order in fermions) satisfies the condition
This condition relates the components of the κ-symmetry parameter appearing in the transformation of ϑ to the supersymmetry parameter ǫ w . Since kappa-symmetry is the worldsheet fermionic symmetry which can actually be identified with the conventional local worldsheet supersymmetry [52] , eq. (4.65) thus converts the unbroken target-space supersymmetries into worldsheet supersymmetry. Note that eq. (4.65) does not involve the part of the kappa-symmetry transformation acting on the υ-fermions since they are singled out with the complementary projector P 2 . This part of kappa-symmetry is fixed by the gauge condition (1 − Γ 0 )Θ = (ϑ, υ) and the bosonic fieldsX M transform as follows
where i = 0, 1 and ⊥= 2, . . . , 9 indicate the directions parallel and orthogonal to the string worldsheet, respectively, the second terms in (4.67) and (4.68) come from the compensating kappa-symmetry transformation (2.2) that at the linearized level is just −iǫΓ A Θ, and O(ǫ, Θ,X) stand for terms which are non-linear in fields (and their derivatives).
It is instructive to notice that the leading (linear) term in the supersymmetry transformations ofX M along the directions trasverse to the string worldsheet contains the parameter of the unbroken supersymmetries, while along the worldsheet the linear term contains the broken supersymmetry parameter. This reflects the fact that the bosonic excitations transversal to the classical string configuration and kappa-gauge fixed fermionic fields are associated with worldsheet physical fields forming supermultiplets under the unbroken supersymmetry. At the same time the supersymmetry transformations along the string worldsheet can be compensated by an appropriated worldsheet reparametrization.
For the instanton solution under consideration we have Γ = Γ 0 = −γ 5 γ5 and υ = 0. So the supersymmetry transformations (at the leading order) become
where the dots stand for higher order terms in fermions. Under the unbroken supersymmetry transformations the fermionic zero modes induce an (isometry) transformation of the string coordinates in the transverse directions which results in a shift of the bosonic parameters characterizing the string instanton. This is analogous to the supersymmetry transformations of the 'collective coordinates' of the CP N sigma-model instanton [35] .
From eqs. (4.69) and (4.70) we also see that if we start from the purely bosonic instanton solution discussed in Section 3, we can find at least part of the instanton fermionic zero modes by looking at the variation of the fermionic fields under supersymmetry. The form of the supersymmetry transformations implies that the bosonic instanton configuration is 1/2 BPS. Namely, the string instanton solution with Θ = 0 is invariant under the twelve supersymmetries ǫ w . Fermionic zero modes are generated by the target-space supersymmetries (with the parameter ǫ br ) which are broken by the string configuration, as we have already discussed in the end of Section 4.1 where we have also shown that the instanton does not have other fermionic zero modes associated with the fields υ. Note that the latter cannot be obtained from the purely bosonic solution by a supersymmetry transformation since the corresponding variation of υ is proportional to υ itself (see eq. (4.61)).
Let us now compare our AdS 4 × CP 3 superstring worldsheet theory (which has 12 unbroken worldsheet supersymmetries) with the supersymmetry properties of the conventional n = (2, 2)
8 supersymmetric CP N sigma-model (described by the Lagrangian (4.35)) and with its instanton solutions [35, 37] .
The supersymmetry transformations in the CP N sigma-model have the following form
where ǫ is now a constant complex two-component spinor parameter of n = (2, 2) supersymmetry and the dots stand for the terms non-linear in the fields. The CP N sigma-model is also invariant under superconformal transformations [53] 
The superconformal transformations are similar to the rigid supersymmetries (4.71) but with the complex two-component spinor parameters whose chiral and anti-chiral components are, respectively, holomorphic and anti-holomorphic η(z,z) = (η + (z), η − (z)). The superconformal symmetry of the CP N sigma-model (which is broken by quantum anomalies [35] ) is in a sense a counterpart of the spontaneously broken part of the targetspace supersymmetry of the superstring action.
If one starts from the purely bosonic instanton solution of the CP N sigma-model ∂ζ a = 0 or ∂ζ a = 0 and Ψ = 0 (4.73) one can then generate solutions of the fermionic field equations and find the corresponding fermionic zero modes by considering the supersymmetry transformations (4.71) and (4.72) of Ψ. In this way, taking into account that for the instanton the fields ζ a are either holomorphic or anti-holomorphic, one finds that only half of the supersymmetry transformations (4.71) and of the superconformal transformations (4.72) are non-trivial, those with the parameters ǫ and η being (anti)chiral 2d spinors. The fermionic zero modes obtained in this way are (anti)holomorphic (anti)chiral 2d spinor fields. We observe that in contrast to the case of the string instanton whose fermionic zero modes are generated by the spontaneously broken supersymmetry transformations, in the case of the CP N sigma-model half of the fermionic zero modes are generated by the rigid supersymmetry transformations and another half by the superconformal symmetry.
Summary and Discussion
We have thus found that the string instanton wrapping the non-trivial two-cycle inside CP 3 has twelve fermionic zero modes. As we have already mentioned, the eight string fermionic fields ϑ + which have an effective mass 2 R and four massless ϑ − electrically coupled to the S 2 monopole field, correspond to twelve (of the twenty four) supersymmetries of the AdS 4 × CP 3 background. The fermionic zero modes thus play the role similar to Volkov-Akulov goldstinos [50, 51] and manifest partial breaking of supersymmetry. Note that in AdS 4 × CP 3 there also exists an NS5-brane instanton wrapping the entire CP 3 . It would be of interest to analyze possible effects of these instantons in AdS 4 × CP 3 superstring theory and to understand their counterparts in the boundary CF T 3 theory.
As was mentioned briefly in Section 3.1 the instanton solution can be generalized by switching on a NS-NS field B 2 ∼ J 2 of a non-trivial co-homology on CP 1 ≃ S 2 . The coupling of the string to the B-field then results in the instanton action being shifted by a constant imaginary piece. In fact, the co-homologically non-trivial B-field arises on the string side of the AdS 4 /CF T 3 correspondence when one considers the ABJ-model [41] which generalizes the ABJM construction to gauge groups of different rank, i.e. U(N + l) k × U(N) −k with 0 < l < k instead of U(N) k × U(N) −k . The appearance of the B-field in the string action thus results in breaking the parity-invariance of the theory. In [41] it has been shown that the integral of B 2 on the CP 1 cycle inside CP 3 takes a fractional value
In eleven dimensions this corresponds to a co-homologically nontrivial three-form potential on the 3-cycle S 3 /Z k ⊂ S 7 /Z k . From the point of view of M2-branes probing a C 4 /Z k singularity this is associated to l fractional M2-branes sitting at the singularity. The fractional M2-branes can be thought of as M5-branes wrapping the corresponding vanishing 3-cycle at the orbifold point, see [41] .
This picture suggests that the string instanton considered in this paper should correspond in M-theory to an instantonic M2-brane, i.e. an M2-brane whose worldvolume wraps a 3-cycle
There is, however, a subtlety here. Namely, while in the case of the D = 10 type IIA string instanton there are an infinite number (|n| = 1, 2, . . . , ∞) of topologically different configurations, the number of non-equivalent M2-brane configurations wrapping the 3-cycle in S 7 /Z k of the D = 11 theory is k, since
The reason is that the string instanton solution has been considered in the AdS 4 × CP 3 background of the pure type IIA D = 10 supergravity, i.e. in the limit in which (from the D = 11 perspective) the radius of the S 1 fiber of S 7 tends to zero (k → ∞). The consideration at finite k would require taking into account Kaluza-Klein modes and D-brane effects.
It would be interesting to find out what these instantonic strings, M2-branes and NS5-branes correspond to in the ABJ/ABJM gauge-theory picture.
beginning of the Latin alphabet, while letters from the middle of the Latin alphabet stand for curved (world) indices. The spinor indices are labeled by Greek letters. 
A.1 AdS 4 space
The charge conjugation matrix C is antisymmetric, the matrices (γ a ) αβ ≡ (C γ a ) αβ and (γ ab ) αβ ≡ (C γ ab ) αβ are symmetric and γ A.2 CP 3 space CP 3 is parametrized by the coordinates y m ′ and its vielbeins are e
. The D = 6 gamma-matrices satisfy:
The charge conjugation matrix C ′ is symmetric and the matrices (γ 
A.4 Superspace constraints
In our conventions the superspace constraint on the bosonic part of the torsion is 6) while the constraints on the RR and NS-NS field strengths are
These differ from the conventional string frame constraints by the dilatino λ-term in T A and related terms in F 2 , F 4 and H 3 . This is a consequence of the dimensional reduction from eleven dimensions. The constraints can be brought to a more conventional string-frame form by shifting the fermionic supervielbein
α accompanied by a related shift in the connection. Note also that the purely bosonic part of the torsion, the last term in (A.6), can be eliminated by a proper redefinition of the spin connection.
The D = 10 gamma-matrices Γ A are given by A.5 24 + 8 splitting of 32 Θ 24 of Θ α = Θ αα ′ correspond to the unbroken supersymmetries of the AdS 4 × CP 3 background. They are singled out by a projector introduced in [8] which is constructed using the CP 3 Kähler form J a ′ b ′ and seven 8 × 8 antisymmetric gamma-matrices (A.3). The 8 × 8 projector matrix has the following form
where the 8 × 8 matrix
has six eigenvalues −2 and two eigenvalues 6, i.e. its diagonalization results in
Therefore, the projector (A.11) when acting on an 8-dimensional spinor annihilates 2 and leaves 6 of its components, while the complementary projector
annihilates 6 and leaves 2 spinor components. Thus the spinor
has 24 non-zero components and the spinor 
A. 6 The explicit form of the geometry of the AdS 4 ×CP 3 superspace
The supervielbeins have the following form
The new objects appearing in these expressions, m, M, Λ a b , E 7 a and S β α , are functions of υ and their explicit forms are given in Appendix A.8 while the dilaton φ, dilatino λ and RR one-form A 1 are given below. Contracted spinor indices have been suppressed, e.g. (υεγ
βα , where ε ij = −ε ji , ε 12 = 1 is the SO(2) invariant tensor. Note that ε = −iP 2 γ 7 P 2 .
To avoid confusion, let us stress that the indices i, j carried by the P 2 -projected spinors υ αi and by the associated quantities, are different from the indices i, j used in the main text of the paper to define the tangent-space indices of S 2 . The indices carried by υ never appear in the main text. Using the same indices but for labeling different quantities in some instances which do not cause the confusion we thus avoid redundant proliferation of different labels.
The covariant derivative is defined as The RR four-form and the NS-NS three-form superfield strengths are given by where b 2 and a 3 are the purely bosonic parts of the gauge potentials and i Θ means the inner product with Θ α . Note that b 2 is pure gauge in the AdS 4 × CP 3 solution while a 3 is the RR three-form potential of the bosonic background.
The dilaton superfield φ(υ), which depends only on the eight fermionic coordinates corresponding to the broken supersymmetries, has the following form in terms of E 7 a (υ) and Φ(υ) The fermionic field λ αi (υ) describes the non-zero components of the dilatino superfield and is given by the equation [54] λ αi = − i 3 D αi φ(υ) .
(A.25)
In the above expressions E a (x, y, ϑ), E a ′ (x, y, ϑ) and Ω ab (x, y, ϑ) are the supervielbeins and the AdS 4 part of the spin connection of the supercoset OSp(6|4)/U(3) × SO(1, 3) and A(x, y, ϑ) is the corresponding type IIA RR one-form gauge superfield whose explicit form is given below. 2) The derivative appearing in the above equations is defined as
where e a (x), e a ′ (y), ω ab (x), ω a ′ b ′ (y) and A(y) are the vielbeins and connections of the bosonic solution. The U(3)-connection Ω a ′ b ′ satisfies the condition (A.8)
Let us emphasise that the SO(2) indices i, j = 1, 2 are raised and lowered with the unit matrices δ ij and δ ij so that there is actually no difference between the upper and the lower SO(2) indices, ε ij = −ε ji , ε ij = −ε ji and ε 12 = ε 12 = 1.
topologically non-trivial and associated to the Kähler form on CP 3 . We choose the CP and it is easy to verify that it's derivative is proportional to the Kähler form 
